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We construct a family of measures called infinite products which generalize
Gibbs measures in the one-dimensional lattice gas model. The multifractal
properties of these measures are studied under some regularity conditions. In
particular, if the z-function is differentiable. we prove a formula which gives the
Hausdorff dimension and packing dimension of the set of singularity points of
a given order. Mathematical examples include Riesz products, g-measures, and
G-measures.

KEY WORDS: Gibbs measure; Riesz product; pressure function; multifractal
analysis.

1. INTRODUCTION

Consider a system with infinite sites represented by the set of integers Z
and with finite states represented by {1, 2,.., ¢}(¢>2). Then a configura-
tion of the system is a sequence x=(x,) in D= {1,2,., g} % For such a
configuration, we define the energy contribution due to x, by

Yilx) =¥ (x0) + 3 Z TLZ’(j, ki x;, x)

ek

where ¥'/(x,) means the energy contribution of the occurrence x, at the
site k and ¥\?(j, k; x;, x,) means the energy contribution of x; toward x,.
We distinguish two special cases. If ¥i2(j, k; x;, x.) = ¥k, j; X, X)),
we say the system is symmetric, we say the system is symmetric and
homogeneous if, moreover, ¥\'(j, k; x;, x,) = ¥'2(|j—kl|; x;, x,) for some
function ¥'?’ independent of k. Symmetric and homogeneous systems are
studied in refs. 2, 8 and 28. We are interested here in symmetric systems,
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not necessarily homogeneous. If we look at the system restricted on
[ —n,n]nZ, the total energy of (x_,,,..., Xg,..., X,,) is equal to

Z l//k(akx)
k= —n

where ¢ is the shift transformation on D.

Our objective is to study the limit behavior of this energy when
n— oo, For convenience, we shall study the one-sided shift space D* =
{1,2,.,q}™ Then the energy becomes 3} _, V(o). Instead of working
with D*, we shall actually work with the interval [0, 1), or equivalently
the circle T =R/Z, because there is a natural correspondence between the
two spaces. The limit of the energy is then described by the the so-called
Gibbs measures, whose existence will be proved under some additional
conditions on y,. These conditions also allow us to prove the uniqueness
of the Gibbs measure and the existence of pressure, to estimate the
Hausdorff dimensions of the singularity point sets of the Gibbs measure
through the large-deviation results. The required condition is proved to be
satisfied in the almost-periodic cases (the constant case, ie., ¥, =y,
corresponds to the classical case'>*®') and in some random cases.

We shall work in a slightly more general case than that described
above. Let {4,},, be a lacunary sequence of positive integers satisfying
the condition

A
Anldpyr (n20), | <min 24 ¢ max et & o (1)

nz0 nzo0 ).

n n

(the above case corresponds to 4,=g"). Let {g,},-0 be a sequence of
positive, periodic, continuous functions defined on the circle T=R/Z
satisfying the conditions

sup Y, Qlog g4, A /A,) <

Tk=0 (2)
0< inf g(x)< sup g, (x)<o

nzl,.xeT nzl, xeT

where £2(g,d) =sup|._, <s|g(x)— g(y)| denotes the modulus of con-
tinuity of a function g (the above case corresponds to g, =exp ¥, ). In this
paper we study the weak limits of the sequence of measures
Z:'P,(1)di(n>=1), where Z, is a normalization defined by

n—1

1
Zn = J'O P”([) dt with P,,(l) = kl;[o gn(z‘l\'t)
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Actually, we shall see that all weak limits are strongly equivalent in that
the relation ¢ ~'w(I) <u(I) < cv(I) holds for any two limit measures z and
v, any interval /, and some constant ¢ > 0 (see Proposition 2). We take one
of these limit measures as a representation and denote it by u. We call u
the infinite product defined by the generating functions {g,} based on the
lacunary sequence {A,}. The study will be made under the supplementary
condition that the limit

@(f)= lim ;- log [ tporar (3)

— o0

exists for every feR. This function is called the ¢-function. The existence
of the limit (3) will be proved to be true in certain cases, for example, the
case where 1, =¢" for some ¢ >2 and {g,} is periodic, or almost periodic,
or stationary in the probabilistic sense.

Our aim is to give a multifractal analysis of such an infinite product
measure. Multifractal analysis was motivated by models describing tur-
bulence, diffusion-limited aggregation, percolation, etc.?'-'*'¥ Some
rigorous results have already been obtained for some invariant measures in
dynamical systems, ‘'-%8% 2529 for some self-similar measures generated
by iterated function systems,'>!'®??) and for some quasiindependent
measures.'*’ Let us recall the precise problem. For a given measure gz on T
and a given o >0, we are interested in the size of the set of singularity
points of order «

Ea={xeT: lim me}
r—~o0 logr

where I(x) denotes the interval centered at x of length 2r. Let
f(a) =dim E_ denote the Hausdorff dimension of E,. We could say that u
is multifractal if f(a) #0 for a continuum of «. By multifractal analysis we
mean to provide a description of f(a) as precise as possible. It is more
interesting of course to know the function f{a) in a precise manner. In
refs. 13 and 14 a solution was suggested:

S(a) =irl}f(aﬂ—f(ﬂ))

where 7 is the so-called z-function, which is defined by

() =l 1 log || w(I())"~" dutt)



1316 Fan

if the limit exists. This formula is called the singularity spectrum formula.
Our main result is that for an infinite product, we prove a weak form of
the above singularity spectrum formula under conditions (1)-(3) and we
prove the exact formula just mentioned if the function ¢ is differentiable
(which is equivalent to saying that 7 is differentiable). The same results are
also proved for the packing dimension of E,.

To some extent, infinite products generalize Riesz products,
g-measures,''”’ and G-measures.'*’ The results presented here can be
applied to all these measures.

The paper is organized as follows. In Section 2 we prove a fundamen-
tal inequality which has its counterpart for symmetric and homogeneous
systems in ref. 28 and the strong equivalence of two limit measures men-
tioned above. In Section 3 we study the ¢-function, the t-function, their
conjugates, and their relation to large-deviation results. This is preparative
to providing a limit theorem needed in Sections 4 and 5, where we study
several different notions of dimensions, some of which are directly related
to the r-function, and we prove the singularity spectrum formula. We
return to the existence of the limit {3) in Section 6, which is devoted to the
deterministic almost-periodic case, and in Section 7, which is devoted to
the random stationary case. Some examples are examined in Section 8.

(33)

2. FUNDAMENTAL INEQUALITY AND INFINITE PRODUCTS

We shall use the following notation throughout the text. For two
quantities ¥ and v, ¥ ~ v means “c~'v < u < cv for some ¢ > 07 for te T, I(t)
means an interval containing ¢; |/| means the length of an interval I. Recall
that

#—1

Pu(t)= H g/\(/{,‘t)
k=0
which is defined in the Introduction. Define, for e R,
1
Z(p)=] (P dr
0

Such a function is called a partition function.®® More generally, we define
forO<m<n

Pua=5  Zud =] (Pu ) dr
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Lemma 1. Suppose that condition (2) is satisfied. There exists a
constant C> 0 such that

C'P(s)<P,1)<CP,s)

holds for all =1 and all ¢ and s with |t —s| <1/, _,.

Proof. We have the identity

P;l(t)_ "il | (i N )
P,,(s)_exPho[Oggk 1) —log g (As)]

As |t—s| <1/4,_,, the sum in the last identity is bounded by

n—1|

Z Q(IOg gk’ Ak/'ln—l)

k=0

By the condition (2), this sum is bounded by a constant D. We can then
choose C=e¢”. |

For n=1, let I, be the subgroup of T generated by 1/4,_, and #"
be the sub-Borel o-field invariant under I”,. Let & denote the Lebesgue
integral and &” the conditional expectation with respect to % ". It is easy
to see that for any f'e L'(T) we have

1 iy — |
é“lf(x)=l{-'_ Z f(-\‘+k/in—l)

n—1 k=0

Lemma 2. Suppose that condition (2) is satisfied. For any feR we
have a version of &"P” such that for all n>1 and all xeT

C- I/ll(gplf < évnpll(_\.) < CI/fIgP/f

where the constant C is that in lemma 1.

Proof. Prove this for f=1. For any x, yeT, there exists a ky=
ko(x, y) such that

|“\‘—y_k()//1n—||S 1/'1"—[
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Then

n—1 k=0 n—1
1 A < ko k—k0>
= P,{y+ +
;['/r—l kgo /1,,_| A::—l
1 Ap-1—1 o !
L e (e K
’1::—1 AZ=:0 y An—l }'u—l

n—1

The last relation = results from Lemma 1 and the constant involved in =
isC. |

What we have just proved in Lemma 2 means that &"P” is almost a
constant which is the integral of P”. This allows us to show the following
fundamental recurrence relation, called the fundamental inequality.

Proposition 1. Suppose that conditions (2) are satisfied. For any
B R the relation

ZI. n(ﬂ)
ZI. m(:B) Zm. n(ﬁ)

c-lA < < fodld

holds for I<m<n.

Proof. Notice that P,, , is % "-measurable. Then we have

Z, {B)=616m(PL, P! )1=E[P! 6"P}, 1~ P! &P

I. " m.n m, n m,n /. "
For the last = we heave used the remark after Lemma 2. ||
For 6 eR consider the probability measures on T defined by

) _ Pt dt
O,n— Z,,(e)

Since T is compact, the sequence (v, ,) admits some weak limit points in
the space of all probability measures on T. We shall see that these limits
are mutually absolutely continuous. Thus, to some extent there is a unique
limit measure. For §=1 this unique measure is just our subject of study.
The family obtained while 8 varies will be called the family of Gibbs
measures.
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Proposition 2. Suppose that conditions (1) and (2) are satisfied.
All of the weak limits of (v, ,) are mutually absolutely continuous.
Moreover, if v, denotes an arbitrary limit, we have the following
approximation:

P”([)
()=~

v, (I() = |[1(6)] = o~ Z.(0)
holds for any interval I(¢) containing ¢ such that |I(z)| =~ 1.

Proof. Suppose, without loss of generality, that I(¢) is strictly con-
tained in an interval I’ of length 4" [in general there is a finite number
of such intervals whose union contains /(¢)]. Then choose a continuous
function / such that

ly<h<gl,

where 1, means the characteristic function of the interval I'. Now, if
vy=lim, v, , we have

!
v,.(l(t))sjo h(s) dv(s)

= —_— 0
Ilin-l’ Zln (H) »f h(s) P'”J ds
< C, l / P() P(/ d
P Z0) Z, 1 (0) z,, f () Pi(s) P, (s) ds

< C" lim su —P'(:(t) ﬁ Y Aps) ds
S S
Jj— l‘_f_\p Z"(H) Zn. m,(g) If=n g g

P”(t) . 1 1y Ak
— " 1 ({ _k d
C ™z 1 ()

k=n

We have used Lemma 3 for the third line and Lemma 1 for the next to the
last. The last equality is obtained by changing the variable of the integral.
To finish the proof of the upper estimate, we have only to show

ot L)

This is verified by the change of variable ¢ =s/4,. Observe that the function
under the sign of integration is periodic because 1,|4,. The lower estimate
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can be proved in the same way. In this case we choose an interval I’ strictly
contained in /(z) of length 1/4, ., for some r>1. We point out that the
boundedness of 4,, /4, is then needed. |

The conclusion of this section is that the infinite product is well
defined under conditions (1) and (2) and there is a family of Gibbs
measures associated to it.

3. T-FUNCTION, @-FUNCTION, AND LARGE DEVIATION

Given an infinite product x# defined by {g,} based on {1,}, we define
its 7-function by

1 I
=1 —_— g-1
(p) '11_1.1}) logr log L WD)~ du(t)
where I,(t) is the interval centered at ¢ of length 2r, and its ¢-function by

o log Z,(B)

H

If these limits do exist for some f, we say ©(f) and ¢(f) are well defined.
In general, these functions are not well defined. But they are well defined
at the same time. We shall see that in some special cases {see Sections 6
and 7) they are really well defined. Here we study t and ¢ and their rela-
tion to large-deviation results.

The function ¢ being convex, we denote its conjugate by

@*(a) =sup{af — @(f)}

The function 7 being concave, we denote its conjugate by
™*(a) =inf{af — ()}

The conjugates ¢* and t* are also called the Legendre transforms of ¢
and 7.

Let us recall some standard properties of ¢ and ¢* which will be used
in the sequel. See ref. 26 for general information on convex functions and
their conjugates. A real z is called a subderivative of ¢ at g if

P+ —(fy=zt  (VieR)

The subdifferential of ¢ at 8, denoted dg(f), is defined as the set of all sub-
derivatives of ¢ at . Here are some properties we shall need:
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(a) af<o(B)+o*(a), Vo, feR.
(b) of=@(f)+¢*(a)<=acdp(f).
(c) aedp(f)<Bedp™(a).

(d) ¢** =0

Proposition 3. Under conditions (1) and (2), ©(f#) and ¢(f) are
well defined at the same time and they are related by

W(B) =B+ Pfo(1)—1—¢(B)
Their conjugates are related by
™Ma)+e*(l+e(l)—a)=1

Proof. Let r=1/A,. By Lemma 1 we have

in—1

1
J, 1A 0= B [y IO )

~~' '< 1 P,,(j//l,,)>” 'L PR
T e \Lzm Au Z,(1)

An—1 14
j 1
e ‘z AETZ () Z [ (A)] 4,

1
mj (P()]"dt

Then

1
log j W(L(0)) du(r)

=—(f—1)log4,—Blog Z,(1)+log Z,(B)+ O(1)

The relation between 7 and ¢ follows. From this relation we can obtain
that of the conjugates by using their definitions. ||

Recall Ellis’s result on large deviations.'® Let (W,) be a sequence of
real variables defined on a probability space (£, </, ¢) and (a,) be a
sequence of positives. Assume that for all feR

ex(B) = log Ee#"s

"
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is finite and the limit

o(f)= lim c,(f)

n— s

exists. We call ¢(f) the free energy function of (W,) with respect to o
[ weighted by (a,)]. The case where a, =log 4, is the interesting case for us.
The upper large-deviation bound says that under the assumption made on
c(p), for any closed set K< R we have

1
limsup —logo{a;'W, ek} < — inf ¢*(a)

"— s " xeK

Now consider the variables defined on T by
=log P, (n=1)

We are going to study the behavior of W, with respect to v,, normalized
if necessary. In order to apply the large- devnatlon result just mentioned we
ought to study the free energy function of our sequence W, =log P, with
respect to v,, which is actually defined by

Fy(p)= lim

H—

logj PE(t) dv,(1)

Notice that v, is simply the Lebesgue measure. So Fy( )= ¢(f), which is
just the free energy function of { W,} with respect to the Lebesgue measure
weighted by {log 4,}. A useful fact is that for each 6, F, is directly related
to ¢.

Proposition 4. Under conditions (1) and (2), we have
F.(B)=o(f+0)+¢(0)
Fi(a)=@*(a)+ @(0) —ab

Proof. The second equality follows from the first one. For the first,
we have only to observe

i ﬁ+(’(f Z(ﬁ+0)
f n”
L Fudn(t)= Zf Z® "7z,

n[

where the sum is taken over intervals I=[i/A,, (i+1)/A,] (0<i<4,).
Lemma 1 is used for the last relation. |
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Consequently we have
F}(a)=0<>o0ecdp(h)

By the positivity, convexity, and compactness of level sets of F;, we know
dp(0) is a compact interval. Let

4, =min{x: x€0p(6)}, 4; =max{x: xedp(0)}

According to the upper large-deviation bound mentioned above, for
any J >0 there is a positive # >0 such that

1
V”{ZGT: An(t)¢[A(l_ —6, A(7 +5)} Sﬁ

"

where A4,(t) is the average

log P.(1)
A(ty=—-—"=
1) log A,
Then the Borel-Cantelli lemma applies. Thus we have proved the following.

Proposition 5. Under conditions (1)-(3) we have

log P (¢
SlimsupolgTz()<A,f

log P, (1
45 <lim inf- 28 Lul?)
"n— x lOg

”n "= £ "

v,-almost everywhere.

4. DIMENSIONS

First we recall the definitions of Hausdorff dimension and packing
dimension and a method for calculating these dimensions of a set based on
the measures supported by the set. Then we translate our r-function as
L”-dimensions, which have recently been the subject of intensive investiga-
tion.( 17-19, 30. 31)

For 0<s< o and 4 =T we define for any 0 <d < 0

HA)=inf ¥ (diam E,)*
i=1

where the infimum is taken over all coverings {E,} of 4 by closed intervals
of diameter at most &, ie, A={J7” , E; and diam E;<J. The #(A4) is

i=1
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obviously decreasing as a function of 8. Then we define the s-dimensional
Hausdorff measure of A by

HN(4)=lim #A4)

L]

and the Hausdorff dimension of A as
dim A =sup{s: #(4)= w0} =inf{s: #(4)=0}

#* is an outer measure and Borel regular."’”’ The packing dimension is
defined in a slightly different way. First let

PyA)=sup Y (diam E,)*

i=1

where the supremum is taken over all disjoint families (packings) {E;} of
closed intervals { £;} such that diam E,<J and the centers of the E; are in
A. Here P(A)=lim,_, P3(A) is also well defined, but is not an outer
measure. Then we define the s-dimensional packing measure of 4 by

P'(A4) =inf i Pi(4;)

i=1

where the infimum is taken over all decompositions of 4, ie, A=), 4,
The packing dimension of A, denoted Dim, is defined in the same way as
the Hausdorff dimension, which means

Dim A4 =sup{s: Z(A} =0} =inf{s: #(4) =0}

There is a very useful method for the calculation of Hausdorff dimen-
sion and packing dimension of a set (see, e.g., ref. 20), which we state as the
following proposition. To describe this method, we introduce a notation
which is also useful in the next section. For a Radon measure 4 on T and
a point x € T, define

~ . log u(1,(x))
,Xx)=1 _—
D(u, x) 1r'r.1_‘s$1p logr

We also define D(u, x) in the same way by replacing lim sup by lim inf. If
D(u, x) = D(u, x), the common value is denoted by D(y, x).
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Proposition 6. Let 4 be a Radon measure on T. For any ¢ >0 we
have

dim{~x: D(p, x)<t} <t,  Dim{x: D(y, x)<1t} <t

If A is a set of T with u(A4)>0 and D(u, x)>=t for every xe A4, then
dim 4 >t. Similarly, if B is a set of T with 4(B)>0 and D(y, x)>1t for
every x € B, then Dim B>1.

We now recall several notions of the dimension of a measure . In
ref. 9 the upper and lower (Hausdorff) dimensions of x4 are defined by

dim* u=inf{r>0: D(u, -) < tu-a.e}

dim, g =sup{t=0: D(y, -) > tu-ae}

In a similar way, we can define the upper and lower (packing) dimensions
of i by using D(y, -) instead of D(y, -).*?' Denote these two dimensions by
Dim* 4 and Dim, u. As a consequence of the theorem in the next section,
we have the following result.

Proposition 7. Suppose conditions (1)—(3) are satisfied. For the
infinite product x# we have

l+o(l)—4} <dim u<dim*u<1+o(l)—47
I+o(l)—4) <Dim,u<Dim*u<14+¢(1)—4

If ¢ is differentiable at 1, all these dimensions are equal to 7'(1)=
1+ (1) —'(1).

Each of these definitions attempts to capture the idea that the dimen-
sion of y is equal to « if u(I,(x)) behaves like r* almost everywhere. The
L*-dimension of u is defined in order to capture the idea that u(l(x))
behaves like r* in the sense of the L” average.

Let .#, be the family of intervals I=[i/A,, (i+1)/4,] (0<i<4,). For
f>1 the upper L# dimension of u is defined by

— . log ¥, , u(l)’
dim, u =lim sup ——*t5%- "~
pH=T P (B—1) log [T]

and the lower L”-dimension dim 4 is similarly defined by the lim inf. If the
two dimensions are equal, we write dim,u for the common value, called
the L*-dimension. The definition given here is slightly different from the
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usual one, but for an infinite product under conditions (1) and (2) it is the
same as the usual one. Actually, if condition (3) is also satisfied, we have

dim, =,§(f;)]

5. MULTIFRACTAL ANALYSIS

Now we can prove the singularity spectrum formula.
Let x4 be a measure and 7 be an interval. Denote

E,={xeT:D(u, x)el}
E,={xeT:D(u, x)el}
E,={xeT:D(u,x)el}

If I={a}, we shall write E,, E,, and E,. The measure u does not figure
in the notation, but there is no confusion because we always talk about a
fixed infinite product.

Just like Og(8), 01(8) is also an interval. We denote it by [8~,07%].
This means 6~ =min dr(#) and 8+ =max dz(6). Note that the sub-
derivatives of 7 are nonnegative because t is nondecreasing, so 6% >
0->=0.

Recall that since 7 is concave, a real z is a subderivative of 7 at 6 [i.e,,
0eot(6)] if

(0+1)—(f) <zt (VteR)

As 7 and ¢ are related by a linear function (Proposition 3), we have
the following relation for their subdifferentials:

[67,0"]=1+@(1)~[4;,4,]
Define

log P,(x)

A(x)=lim sup Tog 4

n— oL "

Similarly we define A(x) and A(x).

Proposition 8. Suppose that conditions (1)-(3) are satisfied. We
have

D(vy, x) =1—04(x) + 9(6)
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Let R and x e T. The following facts are equivalent:

1. D(u,x)=a.

2. A(x)=1+4+e¢(l)—a

3. D(v,, x)=60a—1(0).
The same relations hold for D and D with 4 replaced, respectively, by 4
and A.

Proof. Let rx1/4,. By Proposition 1 we have

1 P(/ X
V()(I,.(x)) z.l_ Zn((;;

from which the first equality follows immediately. Let §=1. We have, in
particular, the equality

D(u, x)=1—A(x)+ (1)

which implies immediately the equivalence of facts 1 and 2. If D(u, x) =a,
substituting 4(x)=1+ @(1)—a into the equality proved above gives

D(vg, x)=1—0[1+ (1) —a] + ¢(6)
=0a—[0—1+0p(1)—¢(6)]

Thus we obtain the equivalence of facts 2 and 3 if we use the relation
between ¢ and t established in Proposition 3. |

As a direct consequence of the preceding proposition and Proposi-
tion 5, we have the following result.

Proposition 9. Under conditions (1)-(3) we have
1—604; 4+ @(0) < D(vy, x) < D(vy, x) S 1 =045 + 9(6)
vy-almost everywhere.
Theorem 1. Suppose that conditions (1)-(3) are satisfied.
1. For =0 we have
™O7)<dim E[y- 4+ <THOY)
™07)<DIim Ep)- 4+;<Tt*0Y)

For 8 <0 the above inequalities hold if we change the roles of 7*(8~) and
T*O0).
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2. If a=1'(8) for some & we have
dim E, =dim E, =dim E, =Dim E, = Dim E, = Dim E, = t*(a)
Proof. 1. Suppose 6 > 0. Notice that
Ep- po1=1{x:00" —1(0) < D(vy, x) <00+ —1(6)}
Notice also that
00" —1(0)=1—04; + ()
06 —1(0)=1—-04, + ¢(0)

According to the last proposition, there exists a Borel set F, such that
v,(F,) >0 and for every xe F,

1—04; + @(0) < D(vy, x) < D(v,, x) <1 =04, + ¢(9)
So Fy<E (4 4+;- This implies, by Proposition 6, that
™07 )=00" —1(0)<dim F,<dim E - 4+, <00 —1(0)=1%(")

If 6<0, it suffices to note that we get inverse inqualities in the expression
of E;y-_»+7. The proof of the two other inequalities is exactly the same, just
replacing dim by Dim and D by D.

Result 2 has the same proof as result 1, but using also D(v,, x). |}

6. EXISTENCE OF ¢-FUNCTION: DETERMINIST CASES

We consider here a special case where 4, =g" for some integer . We
prove that if {g,} is almost periodic in a sense we shall make precise, the
corresponding ¢-function is well defined. We observe also that this function
is analytic if {g,} is periodic or eventually constant. We begin with the
latter, simple case.

Theorem 2. Let ¢>2 be an integer and {g,} be a strictly positive
function defined on T with the property that Q(log g,,.,-) < 2(-) for some
function € satisfying

jl ) dr < om
()

(O

Then the p-function is well defined and analytic if one of the following two
conditions is satisfied:
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1. {g.} is periodic, ie., g,, ,= g, for some p>1.
2. There is some function g such that

1
hm N Z (I“Og gn —log g" (‘(T)) = O
"= o ne1

Proof. If {g,} is a constant sequence, ie., p=1, the result is well
known.'”®’ We are going to see that the results for the two cases listed
above are consequences of this well-known result.

For result 1, let §=¢” (p>2) and g(x) =TT/, g(g’x). We have only
to observe the relation

n p—1 "
Z,,I,(ﬁ)= H l—I g(qk/)+jx)= 1_[ g(q,‘X)
k=0 0

e =0

For result 2, we observe first that |log g{x)—log g(»)| is bounded by

'log g(x) - log gn(x)l + “og gn(x) - ]Og gn(y), + ”Og gn(y) - log g(y)'

So, if |x — y| <4, for any &> 0, for large n=n, we have
|log g(x) —log g(y)] < 2¢+ £2(J)

Then Q(log g, -) < £(-). Observe also that the condition implies that

n—1

log P,(x)=log ] e(g’x)+o(n)

j=0

holds uniformly in x. Thus the ¢-function is the same as that defined
byg 1

Given a sequence of functions {g,} in C(T), it is said to be almost
periodic if for any &> 0 there exists a positive />0 such that any interval
of length / contains an integer t such that

||gn+r_gn||C'('l')Sa (Vn)

For example, let e C(T) and let {a,} be a sequence of real number which
is almost periodic in Bohr sense and satisfies sup, ¢ lla, || <1/1Al¢r).
Construct two sequences of functions {f,} and {g,} by f,=1+a,h and
g.=log f,. It is easy to verify that these two sequences are almost periodic.

822/86,5-6-28
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Theorem 3. Let {1,} =¢" for some ¢>2, and let {g,} = C(T) be
a sequence with the properties that {log g,} is almost periodic and that
lg,ll =g, . If condition (2) is satisfied, then for every feR, ¢(f) is
well defined.

Proof. First we make a remark which generalizes a known fact about
the convergence of subadditive sequences. Let {@,} be a sequence of real
numbers. Suppose for any &>0 there exist two constants 4 =4, and
B =B, such that

a,,,<a,+a,+A+eBm (Vn, m)

Then the sequence {a,/n} converges. In fact, for any k£ > 1, by induction we
have

a,,, <k(a, + A+ eBm) (Vm)

m

Write n=km + i with 0 <i<m; we have

a,<k(a,+A+eBm)+( max a,+ A+ ¢eBm) (Vm)

Oi<m

Divide this inequality by » and then let n — co. We have

nl

A
lim sup + + eB

It follows that lim sup ¢, /n <lim inf a,, /m.
Let ¢>0. Since {log g,} is almost periodic, there exists / with the
property that for any » we can find  such that {n — 7| <//2 and

llog g, ,.(x)—log gu(x)I<e  (VxeT,Vk)

So, if M=sup, (g, 1/1g, sl +1g. i1/, 1),

pa—1

Zu.n+m(18) J' H g,,+A(qu)

pm—1

e [T et

0 -0

1 m—1

g]‘lll/i'lesmj~ I‘[ g qx)

0 =0
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Since the last integral is Z,,(f), by using Proposition 1 we have
log Z, ,.(B)<log Z,(B) +log Z,(B) + | Bl log C+1|B| log M +em

Finally we have only to apply the remark. |

7. EXISTENCE OF @-FUNCTION: RANDOM CASES

Let X be a probability space and let ¥: X — C(T) be a measurable
mapping. We write ¥(&) = g.(-). Let w =(w,,) be a sequence with elements
in X. We are going to choose our generating functions according to w as
follows:

n)
g =¥(w,) =g.,

()

" ?

The corresponding functions will be denoted respectively by P\, Z
'), etc.

Theorem 4. Suppose there exists a function €(-) such that
Q(f, )< Q(-) for every function f in the image of ¥ and

'[I @dr<oo
0 r

If w=(w,) is stationary, for almost surely all w the following limit exists
for every feR:

1
o' ()= lim —log, Z;"(f)

Furthermore, if this sequence is ergodic, the limit is independent of w and
is equal to

P(B)= lim - Elog, Zi(f)

n— oL
Moreover,

|B] log €

1
S E ] Z(m) <
(P(ﬁ) n ogz/ " (ﬁ) n

Proof. For fixed g let f,(w)=1log, Z*(B). According to Proposi-
tion 1, we have

Sorml@) = f(@)+ f,(T"w) + O(1)
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for n,m =1, where O(1) is bounded by |f| log C. As (w,,) is stationary, the
Kingman subadditive ergodic theorem implies the existence of the limit in
question and confirms that the limit is ¢(f) in the case of ergodicity.''®’
Consequently, for almost all o the limit exists for a countably dense set
of BeR. Now, observe the convexity of log Z!”Y(B) as function of S.
According to a convergence property of sequences of convex functions
(ref. 26, p. 90), for almost all w the limit exists for a/l feR and is even
uniform on each compact subset of R.

The last equality allows us to write

nm—1

foml@) =Y f{T"™w)+ O(m)

k=0
Taking expectations and dividing by mm, we have then

1

nm

] 1
E IIIH=;EJ‘II+O< )

n
Here we have used the stationarity of (w,). Finally, let m — co. |}

Proposition 10. Suppose the hypotheses in the last theorem are
satisfied. Suppose, moreover, that {w,} is an iid. sequence with common
distribution F. Then we have

p(f)<log, H g?(t) dt dF(-)

We just have to apply the Hoélder inequality to the expression for ¢ in
the last theorem. In ref. 11 it was announced that the equality is valid, but
we had some difficulty proving it. However, the following remark might be
useful in an attempt to prove the equality.

Fix f. Let

1
Y, (@)= log, Zy"(B)

By Proposition 1,
—1Bllog, C<log, Z,7) (B)—[log, Z,"'(B) +log, Z,"(B)] < | Bl log, C
If follows that

1 m—1 ) 1
Y“"'(w) - Z Yu( Tj"w) g M
m =0 n
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Consider the Laplace transform of Y, defined by

L(l)=EexplY, ({€R)

Notice that the terms in the last sum are independent. We can obtain

e ~Ushilogy C’/"[L,,(f/m)]"' < L,,,,,(f) £ e 181 log, C’/“[L,,(é/m)]’"

8. EXAMPLES

Let us consider some examples.
The first example is the Riesz product

= 1—[ 14 Re a, @)

where (a,,) is a sequence of complex numbers with |a,| < 1. The product
makes sense, for it does converge weakly,'**' even if the corresponding
generating functions take zero as a value, ie, if |a,| = 1. In the sequel, we
assume |a, | <r < 1(Vn) for some r. For such products, multifractal analysis
has been done in the case where the sequence (a,) is constant and 1, =q"
for some integer ¢.'“?’ As consequences of the results we have obtained in
the preceding sections, we can add the following cases: Recall that we
suppose 4, =q",

(1) (a,) is periodic or almost perodic.
(i) (a,) is such that there is a real number ¢ such that

n~—l

lim — Z |a, —

"— s n

(iii) Almost surely every sequence of an ergodic sequence (a,(w)).

A special case of (i) is a,=re™ for some 0<r<1 and some real
number «. If a is rational, (a,) is periodic; if « is irrational, {(a,) is almost
periodic. Notice that there is a general way in ergodic theory to produce
almost-periodic sequences from ergodic isometry.>®’ The conclusion of (ii)
is that the multifractal property of the Riesz product g, defined by (a,) is
the same as the Riesz product defined by the constant sequence taking
value ¢. Thus, if we have another Riesz product u, defined by a sequence
(b,) such that n~! Z”" la,—b,| tends to zero, then g, and y, share the
same multifractal property. We should point out that there are couples of
U,, i, which are singular with respect to each other, e.g, a,=r and
b,=r+n""* for some 0 <e<1/2.°%%
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These Riesz products are merely special cases of G-measures,'®’ which
include g-measures.!">’ Let us recall the definition of G-measures, which are
defined as ergodic measures under the action of the direct sum of finite
groups. Let {X,.}(k>1) be a sequence of finite Abelian groups of orders
{m,}. Let X be the infinite product and I be the infinite direct sum of
groups in this sequence. I” can be identified with a subgroup of X and then
it acts on X. For y={(y,) € I" (there are finitely many nonnull coordinates
of y) and x=(x,)eX, the action of y on x is denoted by px, ie.,
yx=(y,+x,). Let I, be the direct sum of X, (1 <k < n). We shall be inter-
ested in the actions of these subgroups of I'. The product topology makes
X a compact metrizable space. Suppose we are given a sequence of
continuous nonnegative functions {g,}, ie., 0< g, € C(X), such that g, is
I, _\ -invariant [ie., g, (x)=g,(px) for all yeI',_, and all xe X] and
normalized in that

1
— Z gu()’«\’):-l (V.\'EX)

nyel,

A measure is called a G-measure if du/du, = G,(x), where

Gn(x)= H gk(x)

k=1

1
#H_

mym,---

y =) )
- )'EZ”A )
(s 2y 1s the image of u under the action of y). Here G means the sequence
G={G,}. The uniqueness of such G-measures is studied in refs. 3 and 10,
where some sufficient conditions are found. For example, if the g, are
strictly positive and if the functions log g, satisfy a Lipschitz condition,
then there is a unique G-measure.

Our study of infinite products on T can be translated word for word
into the situation for G-measures on X. Actually, in the case where
X, =Z(m,), there is a canonical mapping from X onto T defined by

H(x)= Z Y
k=2 Ty

We do not restate the results for G-measures because they are exactly the
same. We should point out that it is the method which can be adapted in
the case of G-measures, not the results which can be applied to G-measures.
We should have started with G-measures. Our choice was made because of
the concreteness of infinite products. Also, we should point out that even
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for G-measures, taking powers g% to construct the corresponding Gibbs
measures will destroy the condition of normalization. It is thus not practi-
cal to use G-measures to construct Gibbs measures. Anyway, it is not
important for us whether a Gibbs measure is a G-measure or not.
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